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1. INTRODUCTION

In this paper we present a technique for deriving operational formulas on the
algebra of polynomials. A well-known example of such a formula is

(XDy" = S(m, k) X*D* (1.1)
k=0

where D is the derivative, X is the operator multiplication by x and S(m, k) are

the Stirling numbers of the second kind. Most formulas of this kind are

obtained by catch-as-catch-can methods and proved by induction. We shall

use the modern umbral calculus to implement a simple technique for deriving

such formulas.

In section 2 we give a brief discussion of relevant facts from the umbral
calculus. For a more detailed treatment we refer the reader to the references.
Section 3 gives a general operational formula and the remaining sections are
devoted to applications of this formula.

Let us describe this simple technique by using (1.1) as an example. Suppose
we wish to determine the constants a,, , in

(XD)y" = i A X D*.
k=0
We first notice that
X*DEx" = (n), x" (1.2)
and
(XD)"x" = n™x". (1.3)
1
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It is well known that
xXm =3 S(m,k)(x) (L.4)
k=0
and so
=Y S(mk)n).
k=0

Combining these equations gives

(XD)"x" = n"x"

k

S(m, k)(n), x"

s 13

S(m, k) X*D*x"

k

0o

from which (1.1) follows.

The idea is quite simple and the real problem here is first to determine which
sequence of polynomials to use in (1.2) and (1.3) [in this case it is x"]. Of course
the sequence must form a basis for the polynomials. Then it is necessary to find
the appropriate formula as in (1.4). As we shall see, both these problems can be
handled in some generality by the techniques of the umbral calculus. Actually,
applying the umbral calculus to operational formulas is not a new idea and Al-
Salam and Ismail have made significant steps in this direction.

We have not aimed at the most general possibilities in our formulas.
However, in their present form they are general enough to include many
formulas from the literature and should adequately serve to describe the
general technique.

The domain of the operators in this paper will be the algebra of polynomials
in a single variable. However, Carlitz has pointed out that a polynomial
differential operator T, that is, a sum of a finite number of monomials of the
form

po(X)Dp(X)D ... p, (X)Dp,(X)

has the property that T =0 if and only if T =0 when restricted to
polynomials. Thus some of the present formulas may be extended to a larger

domain.
We would like to point out that the results here can be recast in terms of the
algebra of two non-commuting variables X and Y for which

XY—YX = f(Y)

where f(Y) is a formal power series in Y.
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We shall use the notation

(x), =x(x—1)...(x—n+1)
)™ = x(x+1)...(x+n—1)
X)gn = x(x—a)...(x—(n—1)a)
()" = x(x+4)...(x+(n—1))

5 = 1 ifn=k
mET0 ifn#k

2. THE UMBRAL CALCULUS

In this section we give a brief description of relevant topics from the umbral
calculus. In the interest of conservation of space we give no proofs.
Let P* denote the vector space of all linear functionals on P. We use the
notation {L|p(x)) for the action of a linear functional L on a polynomial p(x).
Let f(A) be a formal power series in A of the form

f(4) = Z E k 4k (2.1
=0
where g, are constants. Then f(A) can be made into a linear functional by
defining

SANX" = ay, 2.2)

Notice that (2.2) implies that 4* is the kth derivative evaluated at 0 and A° is
evaluation at O.

Conversely, any linear functional L can be represented in the form (2.1). In
fact, if
o <L|x">
fld)y= ¥

k=0

2.3)

Then as linear functionals L and f;(4) are equal. From now on all linear
functionals will be expressed directly as formal power series in A, using (2.2)
and (2.3).

Notice that from (2.1) and (2.2) we have

5 XD 4 24

A) =
f(A) & K
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What we are really doing is abusing the vector space isomorphism

o (LX)
ll/ : L b Z —k'— Ak

k=0 .
from P* onto the algebra of formal power series in A. This isomorphism
induces a natural product on linear functionals, namely, that of formal power
series.

For example, if a is a constant the evaluation functional is given by

{Sf(A)lp(x)> = pla).
By (2.4) we have
@ ak
A) = — Ak
fd= % 4

— enA

If f(A) has the form (2.1) the degree of f(A)is the smallest k such that q; # 0.
If f,(A)is a sequence of linear functionals for which deg f,(4) > k then for any
constants g, the series

o0

WA) = Y, acfl4)

k=0

is a well-defined formal power series in 4, and hence also a linear functional.
Moreover,

o0

AP = ¥ al filA)lp(x)>

k=0

for all polynomials p(x).
By a sequence s,(x) in P we shall always imply that deg s,(x) = n.

THEOREM 2.1 Ifdeg f(A) = 1 and deg g(A) = O then the identities
{GA (A [sn(x))> = 118,
define a unique sequence s,(x) in P.

We call 5,(x) the Sheffer sequence for the pair (g(A), f(A)). They are known in
the literature (up to multiplicative constants) as sequences of Sheffer A-type
Zero.

THEOREM 2.2 Let s,(x) be Sheffer for (g(A), f(A)). Then for any h(A) we have

Wy 3 SHAIE

K=o k!

Next we come to our generalization of Eq. (1.4).

g(A) f(A)*
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THEOREM 2.3 Let s,(x) be Sheffer for (g(A), f(A)). Then for any polynomial p(x)
we have

ooy = 3 SHASAFIRD)

K50 k!

(x). (2.5

Closely associated with the umbral algebra is the algebra S of formal power
series in the derivative operator D. If

D)=y 7Dk (2.6)

we have

The map ¢ from P* onto S defined by
¢f (A) = f(D)
is an algebra isomorphism from P* onto S.
THEOREM 2.4  For all linear functionals f(A) and g(A) we have
Sf(A)g(A)|x"> = {f(A)Ig(D)x").
In particular we have
SfA)IxXy =A% f(D)x">
where as we have remarked A° is evaluation at 0.

THEOREM 2.5 The sequence s,(x) is Sheffer for (g(A), f(A)) for some invertible
g(A) if and only if

f(D)sy(x) = ns,—1(x). @7
The operator corresponding to evaluation e®4 is the translation operator
e*p(x) = p(x+a).
The operator corresponding to e*4 —1 is the difference operator
A, =eP—1
where
A,p(x) = p(x +a)—p(x).
Thus by (2.7),

Aa(x)a.n = n(x)a,n~ 1
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The operator corresponding to 1—e %4 is V, = 1—¢~*?. We shall write
Aj=AandV, =V.
Let s,(x) be a sequence of polynomials. The linear operator 6 defined by

BS,,(X) = Sp+ l(x)
is called the shift for s,(x).
If f(A) is given by (2.1) then by f'(A) we mean the formal derivative of f(A)
with respect to 4,

e8]

11(A) = k; (kikl)! A1

We define (D) analogously.
THEOREM 2.6  If s,(x) is Sheffer for (g(A), f(A)) and 0 is its shift then

(g g®N 1
‘@'g@>ﬂm

where X is the operator multiplication by x

We remark that any h(D) for which deg h(D) = 0 can be written in the form
g'(D)/g(D) and any (D) for which deg /(D) = 0 can be written in the form
1/f'(D). Hence any operator of the form (X —h(D))I(D) is a shift for some
Sheffer sequence.

We define 87! to be the linear operator

0" 15,(x) = 5,— ()

where as always s;(x) = 0if j < 0. Care must be taken here since 6° 61 is not
the identity [6° 6~ 'so(x) = 0]. We write (6~ ') = 67~

THEOREM 2.7  Let 8 be the shift for s,(x). Then for integers i and j,
; S;+ix) if j=0o0rifi+j<0
Osi(x) = s .
0 ifj<Oandi+j=0
THEOREM 2.8  Let 0 be a shift. Then 6'¢/ = 0'*J if and only ifj > 0 or i < 0.
We finish this section with an often used result.

THEOREM 2.9  If s,(x) is Sheffer for (g(A), f(A)) then the sequence

rn(x) = Sn(x + Yo + ))In)
is Sheffer for

(W elr17v0)4

) gMM”WMO
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3. THE GENERAL FORMULA

Let 5,(x) be a sequence of polynomials. Hence deg s,(x) = n. Suppose 0 is its
shift. Thus

Os,(x) = $,41(x)

9_ 1sn(x) = Sy l(x)‘

Let @, be a sequence of linear operators on P for which
Qucsu(X) = P(M)S, 4 (%) (3.1)

where p is an integer independent of k and n and p,(x) is a polynomial.
Let T be a linear operator on P for which

TS,.(X) = t(n)sn+l(x)

where A is an integer independent of n and #(x) is a polynomial. Suppose that

1) = Y, dupil(x) (32

kz0

for some constants d,. Theorem 2.7 implies that if 4 > min{0, A} then

Ts,(x) = t(n)s, 4 ;(x)
= Z dip(n)sy 4+ 2(x)

k20

= 01—“ Z dkpk(n)sn+u(x)

k20

=g+ Z di Qi s,(x).
kz0
Thus
T= 91_“ z dek (3.3)

kz0

whenever p = min{0, A}. Equation (3.3) is our operational formula.

Let us turn to a discussion of (3.2). Several cases will present themselves. The
simplest is when p,(x) is a Sheffer sequence, say for (h(A),l(4)). Then by
Theorem 2.3

= 5 CHA(API) (64
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If p(x) = r,+4(x) where r,(x) is Sheffer for (h(A), /(4)) then

(0= ¥ 15 CHAIAM 0
k>0 K! 4
1 +k
= 2 GrRl CHA)I(A)* ™ |1(x)) pilx)
and in order for (3.2) to hold we must have, for —a < k < 0.
Ch(A)I(AY T Ht(x)> = 0 (3.5)
and then for k = 0
d = (1/(a+ k) <HA) (A ¥ 1(x)). (3.6)

Another case which will arise is when p,(x) = p(x)r,(x) where r,(x) is Sheffer
for (h(A), l(4))and p(x}is a polynomial independent of k. Thenif p(x)is a factor of

t(x) we have
t(x)
— ). 3.7
p(x)> 7

In the subsequent sections it will be assumed that s,(x) is the Sheffer
sequence for (g(A), f(A4)) and that 8 is its shift. We recall that Theorem 2.6 gives

[ _gDN 1
0‘<X g(D)>f’(D)'

Since 0s,(x) = s, ;(x) we see that

Of (D)s,(x) = ns,(x)

and so for any polynomial p(x)

pOf (D))s,(x) = p(n)s,(x).

Thus the sequence of operators Q, satisfying (3.1), where s,(x) is Sheffer, is

Ok = 0“p(0f (D).

As we shall see in the applications, however, the Q, may take many other
forms.

Let us list for future reference some cases which will give the most familiar
formulas.

1. s,(x) = g~ }(D)x" is Sheffer for (g(A4), A).

d, = El—!<h(A)l(A)"

These are known in the literature as Appell polynomials. In this case

0 = (X —g'(D)/g(D)).
A popular choice is g(D) = ¢’®. Then 0 = X —r.
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2. 5,(x) = (x),, is Sheffer for (1,4 —1).
Then
0=rXe "

Notice that f(D) = A, and §f (D) = rXV,.
3. 5,(x) = (x)™ is Sheffer for (1,1 —e ™).
Then

6 =rXe™®.

Notice that f(D) = V, and 6f(D) = rXA,.
4. s,(x) = x(x—rn)"~ ! is Sheffer for (1, 4e™).

Then
e*rD
6=X .
1+rD
Here we have
D
Of(D)=X ——
¥ (D) 1+#D

5. s,(x) are the Hermite polynomials which are Sheffer for (e~ *4*/%, 4). Then

6=X+vD
and

9f (D) = (X +vD)D.

4. APPLICATION 1
In this section we consider the sequence of operators
Qk — e(lwa)lff'(D)a+k0ﬂ+ak

where a, « and f§ are integers and @ > 0, « = 0.

THEOREM 4.1

Qisn(x) = (n+ B+ k) s 1 Sp+ 5 olX) (4.1)
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Proof Using Eq. (2.7) and Theorem 2.7 we have
Qusy(x) = 04~ (D) 40P s, (x)
= U D) s, s ()
(n+B+ok), e 045, gy o)
(n+ B+ 0k)y 1k Spr p-alX)
0 when n+f+ak—a—k<0

and n+f-a=0.

Butif n+f—a>0thenn+pf+ak =n+p>n+p—a>0and son+f+ak
—a—k < 0 implies that (n+ f + ak), ., = 0. Thus (4.1) always hold.

By Theorem 4.1 the operators Q, have the form (3.1) for 4 = f—a and p,(x)
= (x+ f+ak),,,. Thus (3.3) becomes

T — 91-—ﬂ+a Z dkH(I —a)ly‘(D)a+k0ﬂ +ak
k=20

wherea > 0,a > 0and f—a > min {0, A}. In view of the conditions on 4, « and
B we may conclude that

T= Z dkei—ﬂ+a+(1—a)kf(D)a+k0ﬂ+ak (42)
k20

where a >0, « > 0 and f—a > min{0,4}. To see this if 1 <0 then Ai—f
+a < 0 and Theorem 2.8 gives (4.2). If A > 0 and (1 —)k < O then f—a >0
and since both f+ak—a—k > 0and f+oak—a—k—(1—a)k = f—a > 0 we
deduce (4.2) directly as in the proof of Theorem 4.1.

Now we turn to a computation of the constants d;. The form of p,(x) =
(x+ B+ ak), ., puts us under the case covered by (3.5) and (3.6). From Theorem
2.9 we see that r,(x) = (x + f — ax + ak), is Sheffer for

(1 —a+ae™Y)e@r=hA4 g~ad(pd__1))
Therefore we must have
<(1—a+ae"‘)e“”_“")“(e”—1)"+"It(x)> =0 4.3)

for —a<k<Oandfork>=0

{1 —o+oe™4)el"E- A __ )3tk |1(x)>, (4.4)

di = (a+k)!

From Theorem 2.4 we may write d, in the form

i = (a+k) CAC A (1 —a)t(x — B— k) +at(x — f—ak—1)]>.  (4.5)
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Let us give some examples of (4.2).

1. Leta =0and
T =[0f(D)]"
for m > 0. Then Ts,(x) = n™s,(x) and so
A=0
t(x) = x™.

Equation (4.3) is automatically satisfied when a = 0 and (4.5) gives

di = %<A°|A’°[(1_a)(x—ﬁ—ock)'"+a(x—ﬁ—ak—1)’"J>

= i <£>S(m’j)(_ﬂ_“j)(_ﬁ_“k—l)j—k—l
i=k
and so (4.2) is

Lef(D)]" =
i [i <i> S(m,j)(—ﬂ—aj)(—ﬁ—ak—l)jAk_1]0""+“‘“”‘f(D)"0ﬂ+“"
k=0Lj=k

where o > 0 and > 0.
In case o = 0 we obtain

wor = 3 | (1) somx-p,. o +ore
olj=

where f = 0. If in addition § = 0 we have
[OD))" = 3. Sm (D)

Using the examples at the end of sect_ion 3 we obtain

[(X—nD]" =

k

S S(m, k)(X —r) D
=0
(XV,)" = i = mS(m, k)(Xe "P)Ak

k=0
(XA)" =Y £ "S(m, k)X e'D)VF
k=0

[XD(1+rD) 1" = ¥ S(m,k)[Xe "°(1 +rD)~ 1 ]-Dke*?
0

k=

[(X +vD)D]" =
k

S(m, k)(X +vD)*D*,
=0
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In the interest of space conservation, we shall not repeat this list of examples
for each future case.

2. Leta=0and
=07f(D)"
for m > 0. Then Ts,(x) = (n),,s,(x) and so
A=0
1x) = (X)e
Equation (4.5) gives

k_

CA°| A (1 — ) (x — B—ak), + e x — B—ak — 1), 1>

1
k!
() —om)(—B—ok—1)p_y—,

and (4.2) is
0"/ (D" i(k)(—ﬂ—am)(—ﬁ—ak—l)m_k_19-ﬂ+<1-“>kf(D)k0”+“"

where « > 0and >
When o = 0 we get

rpor = § (1) (- Pas 010

where f§ > 0
3. Let
T =[f(D)Of(D)]"
for m > 0. Then Ts,(x) = (n)2s,_ .(x) and so
A= —
t(x) = (X
Now suppose a = 0. Then (4.3) is satisfied and (4.5) yields
d, = (1/kY) A AF[(1 — o) (x — B— k)2 + a(x — B—ak — 1)2]D.
Expanding A* = (e — 1)* will give

k 1Nk J
d=Y <j>( ) 1= a)(j— B— ok + alj — B—ak— 121,
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Thus (4.2) becomes
L/ (D)6f (D)™ =

— 1
Z Z(]> " f -y ak)i+a(j—ﬂ—ak—1).i]]

. e_m_ﬂ+(l —a)kf(D)k0B+ak

where o > 0 and § = —m. The upper limit is 2m here since d, = 0 for k > 2m.
In case « = 0 we obtain

m F kO (-1
/D)D"= Y, [z (J.)‘ - ﬁ».]e moB+A(DYOP

k=0Lj=0

where f 2 —m. If f = 0 we have

LA D" = 3, [Z <j>(_1’ ey ),..]9 mekf (DY

k=0Lj=0

Now suppose o = 0, a = 0. Rather than turn to (4.3) and (4.5) we can refer
back to (3.2) which is

n= Y dx+Buse

kz0

Now (x+ f)arr = (x+Px+f—a), and if a—m < f <0 then (x+pf), is a
factor of (x)2. Thus we have

(x(f'z"n - ¥ dix+p-a

Translating by — f+a gives

(x—p+a)p
(x+a), B k;o Ak

and from Theorem 2.3 we obtain

dk 1< ()| k(x ﬂ+a)m>

k! (x+a),
Thus (4.2) becomes
m_Zm‘al 0 k(x ﬁ+a)m> —-m—f+a+k a+knp
LrDeron"= 5 k,< S L f (D)0

wherea > 0and a—m < f <0.
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If § = 0 this becomes

2m—a

1
LADOfDI" = X H<A°lA"(x+a)m(X)mfa>9""+“+"f(D)”+"

where 0 < a < m. When a = m we obtain
m

!
L/ DO OT" = <’Z>%0"fw)'"“‘.

k=0
The examples in section 3 give, for example
m !
[ —npJm = ¥ (7 )5 x—nppmes
=0 \k/ k!

and

m

AXVy" =¥ <’I’:>'Z—:(Xe—l’)w+k.

k=0
4. Leta=0and

T = [0+ 0f (D)I"
where m >0, i is any integer and r is a constant. Then Ts,(x)=
(n+7)¥™s, 4 :m(x) and so

A=im
1(x) = (x+r)™.
From (4.5) we get
di = (1/k1) CAC|AF[(1 — a)(x + 1 — B—ak){™ + o(x +r — f— ok — )™ ]

and so (4.2) is
[0+ 0f (D)I" =

m

1
Y o CAC|AFL(1 — a)(x + 7 — B—ak)™ + au(x + 7 — B—ak — D™D
e .0im—ﬂ+(l*a)kf(D)k0ﬂ+a

where o > 0 and § > min {0, im}.
In case o = 0 we have

m

[0+ 0f (D)™ = 3, %<A°IA"(X+r—/3)$'")> o' PrEf (D)6
k=0 K:
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where f > min {0,im}. If i = 1, since
A x+r— )™ = (my(x+r— B+ k)™

we have

[O(r+6f (D)]" = i <rl:l> (r— B+ k)m=Pgm=E¥1 (D) oF
for = 0. o
5. Leta = 0and
T = (r+6f(D));
= (r+0f(D)(r+i+0f(D)...(r +(m—1)i+6f (D))

where m > 0 and r and i are constants. Then since (j + 0f(D))s,(x) = (J+n)s,(x)
we sce that Ts,(x) = (r+n);,,5,(x). So

A=0
H(x) = (r+X);

Let us go directly to the case o = 0. Then

1
de=1 CA I AKX + 17— )y

and (4.2) is

(r+6f(D)im = 3. % CAP|A x+7 = B)imy 041 (D)6

where § = 0.
In case i = 1 we have
(40 (D) = ¥, (',f) (r— B0 #* (DY 0"
k=0

and if # = r we have
(r+0f(D)),, = 0" "f(D)"0.
Our examples give
(r+XD),=X"r""D"X"
(r+XV), =(Xe )Tt mA™(Xe Py

and so on.
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5. APPLICATION 2

In this section we consider the sequence of operators
Qi = f(DYr(S) f(D)9*
where a = 0,b = 0, S = 0f(D) and r,(x) is Sheffer for (h(A), [(4)).
THEOREM 5.1
Qisu(x) = (n+ Pa+pri(n+ B—b)sy1 50— p(X)-
Proof Using Theorem 2.7 we have
Qisn(x) = f(D)r(S) f (DY s,(x)

= f(DYr(S) f(D)’sy + 5()

= (n+ ) f(DY'1(8)S, 1 5 -5(%)

= (n+P)pri(n+B—b)f(DY'sy s p—p(x)

= (n+Pp(n+p—b)ri(n+B—b)s, 1 5—o—5(x)

= (n+P)asprin+F—b)s, 1 p—s—p(x).

By Theorem 5.1 the operators Q, have the form (3.1) with u = f—a—b and
(%) = (x4 f)a+p1i(x+ f—Db). Thus (3.3) becomes

T= 3 46" Pt f(Dyn(S)f(DY6* (5.1)
k>0
where a = 0,b > 0 and f—a—b = min{0, A}.

By virtue of the discussion at the end of section 3 we seek operators T for
which Ts,(x) = t(n)s, . ;(x) where (x + ), +, is a factor of t(x). In this case (3.7)
holds,and if r,(x) is Sheffer for (h(A), I(4)), by Theorem 2.9, r,(x + f — b)is Sheffer
for (e~ ~04p(A4),1(A)). Thus (3.7) gives

1 k
@=H@MMM

dx—ﬂ+w>
(x+b)ass /

A class of operators with this property is 7' = R™ where
R = 0°f(D)u(S) f(D)'0”

where u(x) is a polynomial. However, we shall not need T in this much
generality, so we will not prove this fact.
Let us give some examples of (5.1).

1. Let
T = f(DYu(0f (D)) f(D)*6°
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where u(x) is a polynomial and ¢ > 0,d > 0,0 < 6—f < ¢c+d—a—b. Then

Tsy(x) = (n+0)cr qu(n+0—d)s, . 4(x)
and so
A=0c—c—d
Hx) = (x+0), 4 ju(x+0—d).

Noticing that

(xX+0—B+b)rs
by, FOTBAB @y irimay

we have
d, =%<h(A)1(A)k|(x+a—ﬂ+b),,_,,(x—a)ﬂ,md‘akbuma—d~ﬁ+b)>.

Thus (5.1) becomes
J(DYu(6f (D)) f(DY'0° =

1
> i SPAHAVI 40— B+D)y y(x—a)pgicraampulx+o—d—[+b))

@I (DY (0f (D)) £ (D) 6P

where a,b,c,d 20,and 0 < o—f < c+d—a—b.
In case a+b = ¢+d, we must have ¢ = f and so

1
SOYu@f (D) f(DY = ), i1 SHA KAV [u(x—d + b)) f(DYr(0f (D) /(DY

=

where a+b = c+d.
If instead we take @ = b = 0 then we obtain

S(DYu(Of (D)) (DY 6" =

1
> F<h(A)l(A)"|(x+0—ﬂ)c+du(X+0'—ﬂ—d)> 71, (0f (D)) 0F
k=0 -
where ¢,d >0,and 0 < 60— < c+d. Foru(x) = 1, rdx)=(x—affandd =0,
since

c

Alx+a+a=B> =Y s, j)(j)la+a—p)i*

i=k
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where s(c, j) is a Stirling number of the first kind, we have

foyee = ¥ [i (i)S(c,j)(aJra—ﬁ)""‘} 0o~ ~(6f (D)~} 0*

k=0l_j=k

wherec = 0,and0<o—f <c.
Next we take r(x) = (x), and u(x) = 1. Then we obtain as above

c

forer =¥ (Z)(—ﬂ+a)c_kea‘f*"(efw»keﬂ

k=0

where ¢ > 0 and 0 < 6 — B < c. For ¢ = 0 we obtain

50y = 3} )~ Ps0 < orone

2. Leta=b=0and
T = [f(D)w(®f (D)]"
where ¢ = 0 and m > 0. Then
Ts,(x) = (W) met(Wu(n—c)... u(n—(m—1)c)s, - m(x)
and so
A= —mec

1(x) = (X)mett(x)u(x—c). .. u(x —(m—1)c).

Equation (5.1) is

L/ (Dyu(Bf (D)™ =
;0 % CHAYUAVI(X — Bmets(x — B) .. ulx— B—(m—1)c)>0™ "L ry (0 (D)6’

where c = 0and § > —mc.
Let us take ¢ = 1, u(x) = x* and r,(x) = x*. Then we obtain

. 1 .
LADOFONT" = ¥ (A |(x— Bl > 07 HOf (D)6

k2

where f > —m. For m = 1 we get

foOrD) = % <izl>(—ﬁ)"“'"0'1”(Of(D))"H"

kz0

where f = — 1.
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6. APPLICATION 3

In this section we consider the sequence of operators
0, = 0" *[0a+S)]P+*
where o > 0, b = 0 and S = 6f(D).
THEOREM 6.1
Qsax) = (a+m) s, 1 ().
Proof First we have
0 (a+S5)s,(x) = (a+n)s, . (x).
From this it follows that
[6%(a+8)]"s,\(x) = (a+n)(a+n+0a)...(@+n+(m—Da)s, , n().

Putting m = b+ k and applying 6~ ** gives the result.
Thus the operators Q, are of the form (3.1) with g = ab and p,(x) =
(x+a)®*®, Thus (3.3) becomes

T = gl—ab Z dkefak[ga(a+s)]b+k

k=20

where o, b > 0. Since ab > 0 we may conclude that

T=73 d.6* " *[0%a+0f(D)]*+* (6.1

k20

where o > 0,5 > 0.
Now py(x) = 1, (x) where r(x) = (x+a)® is Sheffer for (e 4,1 —e 24).
Thus (3.5) and (3.6) become

Ce™* (1 —e P He(x)) = 0 (6.2)

for —b <k <0and

d = bER)! {e™*H1—e P H|t(x)) (6.3)

=Rl (A Ve M (x —a)y

fork > 0.
We shall content ourselves with a single example of (6.1). Let a = 1, b = 0
and

T = (f(D)O)".
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Then Ts,(x) = (n+ 1)"s,(x) and
A=0
t(x) = (x+1)"
Since b = 0, (6.2) is satisfied and (6.3) is

1
dy = 5 AV x +1—=a)™)

=Yy <i> (—1)y"*iS(m, )1 —a)’~*
i=k

Thus (6.1) is

o= § | £ (1)1t i —ar |0 o+ oo

k=0Lj=k

If a = 1 we obtain

(f(D)Oy" = Z (= 1)"*ES(m, k)6~ [0(1 + 6f (D))"
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